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Problem Consider the game of tennis when deuce is reached. If a player wins the next point, he has advantage. On the
following point, he either wins the game or the game returns to deuce. Assume that for any point, player A has probability .6
of winning the point and player B has probability .4 of winning the point.

(a) Set this up as a Markov chain with state 1: advantage A; 2: deuce; 3: advantage B; 4: A wins; 5: B wins. Write the
transition matrix P.

(b) Find the absorption probabilities.

(c) At deuce, find the expected duration of the game and the probability that B will win.

Solution:

(a)

Set this up as a Markov chain with state 1: advantage A; 2: deuce; 3: advantage B; 4: A wins; 5: B wins. Write the
transition matrix P.
0 04 0 06 O

06 0 04 O 0
P= 0 06 O 0 04
0 0 0 1 0
0 0 0 0 1
0 04 O
O=1|( 06 0 04
0 06 O
1 —04 0 \ ' [T 1B &
N=(I-Q)'=| -06 1 —04 = £ 2 1
0 —0.6 1 9 15 19
13 13 1
06 O
R= 0 0
0 04
57 8
65 65
The absorption probabilities are given by the matrix NR= | 23 20 [ (see Thm 5).
27 38
65 65

Remark. We can find the inverse of a matrix using the calculator TI-84: press
2" — MATRIX — EDIT
and enter the matrix as A. Then press
ond _ QUIT
to get to the main screen and plug in A=! (2" — MATRIX and choose A). Similarly, one computes the product NR

as A~ x B, where B = R. In order to convert the decimal entries to fractions, press

MATH — Frac.

The expected duration of the game at deuce is equal to the sum of expected number of occurences in each transient
state (1,2 and 3) provided we started in state 2 (deuce). By Thm 4 this is equal to the sum of the elements in the
second row of fundamental matrix N, i.e.

. 15 25 10 50
E(duratlon) = B + E + E = Ev

probability that B wins = NRys = 20 (see Thm 5).
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